Abstract. This paper obtains all solvable 3-Lie algebras with the m-dimensional filiform 3-Lie algebra N (m ≥ 5) as a maximal hypo-nilpotent ideal, and proves that the m-dimensional filiform 3-Lie algebra N can't be as the nilradical of solvable non-nilpotent 3-Lie algebras. By means of one dimensional extension of Lie algebras to the 3-Lie algebras, we get some classes of solvable Lie algebras directly.
1. Introduction. The concept of n-Lie algebras appeared in two different contexts [1, 2] . In [1] , Nambu introduced n-ary multilinear operations in his description of simultaneous classical dynamics of n particles, and extended the Poisson bracket to the n-ary multilinear bracket. In [2] , Filippov formulated a theory of n-Lie algebras based on his proposed (2n − 1)-fold Jacobi type identity and gave a classification for n-Lie algebras of lower (≤ n + 1) dimensions. The connection between the Nambu mechanics and the Filippov's theory of n-Lie algebras was established in 1994 by Takhtajan [3] . Recently n-Lie algebras have found important applications in string and membrane theories. For instance, in [4, 5] Bagger and Lambert proposed a supersymmetric field theory model for multiple M2-branes based on the metric 3-Lie algebras. More application of n-Lie algebras can be found in e.g., [6, 7, 8, 9, 10, 11, 12, 13] .
In recent years, the structure of n-Lie algebras has been widely studied. Kasymov [14] developed the structure and representation theory of n-Lie algebras. Ling [15] proved that there is a unique (n + 1)-dimensional simple n-Lie algebra for n > 2 over an algebraically closed field of characteristic zero. The first author of the current paper and her collaborators showed in [16] that there exist only [ n 2 ] + 1 classes of (n + 1)-dimensional simple n-Lie algebras over a complete field of characteristic 2 and
The structure of n-Lie algebras is very different from that of Lie algebras, due to the n-ary multilinear operations involved. In particular, it turns out that the fundamental identity for an n-Lie algebra is much more restrictive than the Jocobi identity for a Lie algebra. One consequence is that higher, finite dimensional n-Lie algebras may be rare and are difficult to find. So it is very important to construct new examples of n-Lie algebras.
Filiform n-Lie algebras, i.e., nilpotent n-Lie algebras L satisfying dimL i = dimL− n−i, are important class of nilpotent n-Lie algebras. In [18] we introduced the concept of hypo-nilpotent ideals of n-Lie algebras, and proved that an m-dimensional simplest filiform 3-Lie algebra N 0 can't be a nilradical of solvable non-nilpotent 3-Lie algebras. By m-dimensional simplest filiform 3-Lie algebra, we mean an m-dimensional filiform 3-Lie algebra with the following multiplication table in the basis e 1 , e 2 , . . . , e m , [e 1 , e 2 , e j ] = e j−1 , 4 ≤ j ≤ m.
(1.1)
Moreover, it was shown that there are only four classes of (m + 1)-dimensional and one class of (m+2)-dimensional solvable non-nilpotent 3-Lie algebras with N 0 as their maximal hypo-nilpotent ideal.
In this paper we generalize the results of [18] . Namely we consider a more complicated m-dimensional filiform 3-Lie algebra N (m ≥ 5) defined by the multiplication table (3.1) below (c.f. (1.1)). We obtain all solvable 3-Lie algebras with such an N as a maximal hypo-nilpotent ideal and prove that N can't be a nilradical of solvable non-nilpotent 3-Lie algebras.
The organization for the rest of this paper is as follows. Section 2 introduces some basic notions. Section 3 describes the structure of solvable 3-Lie algebras with the maximal hypo-nilpotent ideal N . Section 4 studies the solvable 3-Lie algebras with nilradical N . Section 5 gives an application of one dimensional extension of Lie algebras.
Throughout this paper we consider 3-Lie algebras over a field F of characteristic zero. 
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where σ runs over the symmetric group S n and the number τ (σ) is equal to 0 or 1 depending on the parity of the permutation σ.
A derivation of an n-Lie algebra A is a linear map D : A → A, such that for any elements
The set of all derivations of A is a subalgebra of Lie algebra gl(A). This subalgebra is called the derivation algebra of A, and is denoted by DerA. The map ad(
is a derivation. The set of all finite linear combinations of left multiplications is an ideal of DerA and is denoted by ad(A). Every element in ad(A) is by definition an inner derivation, and for all x 1 , . . . , x n−1 , y 1 , . . . , y n−1 of A,
. . , A n be subalgebras of n-Lie algebra A and let [A 1 , A 2 , · · · , A n ] denote the subspace of A generated by all vectors [x 1 , x 2 , · · · , x n ], where x i ∈ A i for i = 1, 2, . . . , n. The subalgebra [A, A, · · · , A] is called the derived algebra of A, and is denoted by A 1 . If A 1 = 0, then A is called an abelian n-Lie algebra.
An ideal of an n-Lie algebra A is a subspace I such that [I, A, · · · , A] ⊆ I. If A 1 = 0 and A has no ideals except for 0 and itself, then A is by definition a simple n-Lie algebra.
An ideal I of an n-Lie algebra A is called a solvable ideal, if I An ideal I of an n-Lie algebra A is called a nilpotent ideal, if I satisfies I r = 0 for some r ≥ 0, where I 0 = I and I r is defined by induction,
The sum of two nilpotent ideals of A is nilpotent, and the largest nilpotent ideal of A is called the nilradical of A, and is denoted by N R(A).
Denote by A * an associative algebra generated by all operators ad(x), where
. If I is an ideal of A, denote by I * , K(I) and ad(I, A) respectively the subalgebra of A * , the ideal of A * and the subalgebra of ad(A) generated by the operators of the form ad(c, x 1 , · · · , x n−2 ), c ∈ I, x i ∈ A, i = 1, . . . , n − 2. It follows at once from (2.3) that K(I) = I * · A * = A * · I * , and ad(I, A) is an ideal of ad(A).
Lemma 2.1. [14] An ideal I of an n-Lie algebra A is a nilpotent ideal if and only if K(I) is a nilpotent ideal of the associative algebra A
* .
An ideal I of an n-Lie algebra A may not be a nilpotent ideal although it is a nilpotent subalgebra. This property is different from that of Lie algebras. In the following, we concern such types of ideals of n-Lie algebras. From (2.2), a hypo-nilpotent ideal of A is a proper ideal, and the nilradical N R(A) is properly contained in every maximal hypo-nilpotent ideals. But the sum of two hypo-nilpotent ideals of A may not be hypo-nilpotent.
In the following, any brackets of basis vectors not listed in the multiplication table of n-Lie algebras are assumed to be zero.
3. 3-Lie algebras with maximal hypo-nilpotent ideal N . In the following we suppose that N is an m-dimensional filiform 3-Lie algebra with the multiplication 
ad(e 1 , e 4 ) = E 23 , ad(e 2 , e 4 ) = E 13 , ad(e 2 , e m ) = E 1m−1 , where E ij is the (m × m) matrix unit.
Proof. The result follows from a direct computation.
Let A be an (m + 1)-dimensional 3-Lie algebra with the ideal N , and x, e 1 , . . . , e m be a basis of A. Then the multiplication table of A in the basis x, e 1 , . . . , e m is given by
where a
Therefore, the following ( The matrix M is called the structure matrix of A with respect to the basis x, e 1 , . . . , e m .
By the above notations we have the following result. 
Moreover, the multiplication table of A in a basis x, e 1 , . . . , e m (m ≥ 5) is as follows 
Secondly, imposing the Jacobi identities on {[x, e 1 , e 2 ], e 2 , e j } for 3 ≤ j ≤ m, we get 
0 2a 
Again by the Jacobi identities for vectors {[x, e 1 , e 2 ], x, e i } for 3 ≤ i ≤ m, we get 
0 2a For any l satisfying 3 ≤ l ≤ m − 2, we take a series of linear transformations defined bỹ
Then the basis vectorsẽ 1 , . . . ,ẽ m satisfy (3.1). After replacing x by
, we get the structural matrix M of A with respect to the basis vectors x,ẽ 1 , . . . ,ẽ m as follows
Therefore, the multiplication table of A is Proof . If k ≥ 2, let x 1 , . . . , x k , e 1 , . . . e m be a basis of A. Thanks to the solvability of A, we have [A, A, A] ⊆ N . By the discussions of the proof of Theorem 3.2, we might as well suppose 0 0
Then ad(x 1 , x 2 )| N is nilpotent, and ad(x 1 , x 2 ) is also nilpotent to A. This proves that A is nilpotent when k = 2. Last we suppose that there is a solvable non-nilpotent (m + k)-dimensional 3-Lie algebra with the nilradical N for k ≥ 3. Let x 1 , . . . , x k , e 1 , . . . , e m be a basis of A. Then there exist x i , x j such that ad(x i , x j )| N is not nilpotent. Set T = F x i + F x j + F e 1 + · · · + F e m , then N is a nilpotent ideal of (m + 2)-dimensional subalgebra T . From the above discussions, T is a nilpotent subalgebra. Hence there exists an integer r such that ad r (x i , x j )(T ) = 0. Since A is solvable and N is the nilradical of A, we
This is a contradiction. 
[e 1 , e 2 , e j ] = e j−1 for 4 ≤ j ≤ m, [e 1 , e j , e m ] = e j−2 for 5 ≤ j ≤ m − 1.
By a direct computation we get that N is the nilradical of A, and
It follows that A is an unsolvable 3-Lie algebra.
5. One dimensional extension of Lie algebras. In this section we describe the one dimensional extension of Lie algebras, first introduced in [6] . As an application of it we get all classes of solvable Lie algebras with the special nilradical given in [19, 20] . Then J = F y 0 + I = F y 0 + F e 1 + F e 2 + F e 3 + F e 4 is an ideal of L g . Since J s = J 1 = F e 1 + F e 2 + F e 3 = 0 for s ≥ 1, J is not a nilpotent ideal of L g . In [19, 20] 
Suppose

